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Introduction and Motivation

Notations

@ ['/IF,: afunction field with full constant field IF,,.
@ g(F'): genus of F/F,
@ B,.(F): # places of F'/F, of degree r,

@ F = (F,)n>0: a sequence of function fields F,, /IF, with
g(F,) — oo asn — oo.
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Definition (M. A. Tsfasman, 1992)

F is called asymptotically exact if for all » > 1 the limit

= lim B (Fy)
Br("r) T nlﬁoo Q(Fn)

exists.
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Generalized Drinfeld-Vladut bound: For any exact sequence F
over IF,, one has

f: Be(F) . (1)

r/2 _ -
r:lq/ 1

Aim: to construct exact sequences of function fields with
various 3, > 0 and small

0 := 1-the left hand side of (1).
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Problems:

For any given N C N, find exact sequences of function fields
over IF, with

(1) N CP(F), where P(F) :={r e N: 3.(F) > 0}.

(2) P(F)=N.

Lemma (Tsfasman, Vladut (2002)-T. Hasegawa (2007))

Any tower of function fields F over F, is an exact sequence.

In 2007, T. Hasegawa and P. Lebacque proved independently
the existence of towers with finitely many prescribed 5, being
positive, by using class field theory.
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Strategy

We consider a tower F = (F},),>0 over F, with 5;(F) > 0 and
construct an appropriate finite separable extension E/Fy such
that G := (E'F,),>0 defines a tower over [F,. Then we estimate
the invariants 3,(G) of G.
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Definition: Let F = (F,),>0 be a tower over F,,.
(a) The genus of F/F, is defined as

(b) Let P be a place of Fy, and for any r > 1,
B, (P, F,) := #{ places of F,,/IF, of degree r lying above P}.
We define the local invariants of F at P as

. B.(P,F,) v (P, F)
(P =1 —_— 7 (P, =
l/’!( 7«7:) nl_?éo [Fn:E)] ) ﬁ’l( ?‘F) ’y(f) a‘nd
the global invariants of F as
vr(F) 1= lim, [F, : Fo]’ Br(F) = lim 9(Fy)
Then clearly
v (F)

ve(F) =Y (P, F) and B.(F) = B.(P,F) = =
P



Main Results

For any r > 1, we want to estimate

depending on the invariants of F.

Setm := [E : Fy|. For the genus ~(G) the following holds:

my(F) <(9) < g(E) — 1+ m(1 — g(Fo) +7(F)).
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Theorem

Suppose that G := (EF,),>0 is a tower overF,. Set
E := Fy(y), m := [E : Fp], and consider the set

M :={PeP(F):{l,y,...y" '} is an integral basis for E/Fy at P}.

Let P € M s.t. for all extensions Q) of P in E, the ramification index
e(Q|P) is coprime to any ramification index of P in F. Then for any
such@ andr > 1,

w@g =192 s e,

r

deN
lem(deg Q,d)=r
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Theorem

P9)

Let 7 be a tower over I, with a finite support and let N C N be
a finite set. Then there exists a finite separable extension E/Fy
s.t. G := (EFy,)n>0 is a tower over F, with

(i) forall r € N,

(@)= > % > d-va(P,F)

feN PeSupp(F)
deP(F) lem(f deg P,d)=r

and
Supp(G {Q eP(E):QNFy e SUPPO:)}

= {rGN:r:lcm(fdegP,d) with f € N, d € N, P € Supp(F)}.
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Theorem continued

(ii) If furthermore F is pure, then for all » € N,

v (G) = Z va(F) and

fEN, deP(F)
fd=r

P(G)={reN:r=fdwith f € N,de P(F)}.



Main Results

For any prime power q, one can construct a tower of function
fields over I, with finitely many precribed invariants g, being
positive, by using explicit extensions.
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Corollary

Let N C N be a finite set and q be a prime power. Then there
exists a recursive (explicit) tower of function fields F /F, such
that N is included in the set

P(F) :={r e N: B,(F) > 0}.

Moreover, in the following cases there exists a recursive tower
F|Fq with P(F) = N:
() q is any prime power and N is a finite set with each k € N
a multiple of r for some r such that q" is a square,
(i) ¢ =2° with3 1t e and each element k € N is a multiple of 3,
(i) g =p° withp >3,e >2and2te, andeachk € N is an
even integer.




Example

Example

A. Garcia, H. Stichtenoth: The equation y® = (z + u)® + 1 (for
F}; =< p >) defines a tower F = (F},)n>0, With Fy := F4(z0),
over [Fy with 8;(F) = 1.

Let £ := Fy(z) where 2z satisfies

Bl +pt — 28— p—pz—1/29=0.

Then G := (EF,,)n>0 gives a tower over F4 with
P(F) ={1,2} and B1(G) = 2, B2(G) = 5,

0 5=1-y2, B0 ~g2




Problem

Are there any sequences, in particular towers, of function fields
over finite fields with infinitely many positive invariants (3, ?




Thank you for your attention.
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