CONIC SECTIONS AS SUCH (FIRST DRAFT)

DAVID PIERCE

1. INTRODUCTION

The following notes investigate the conic sections in a manner inspired by Apollonius
of Perga and other ancient mathematicians. The point here is to do mathematics, not
history; but we may be aided in our own mathematics by trying to understand how
others have done it. It may be said that we are going to do pre-Cartesian mathematics:
mathematics as done before (well before) the time of René Descartes (1596-1650).

As T shall be referring to some works in Greek; as Greek is the origin of much of our
technical vocabulary; as mathematicians use Greek letters all the time: for these reasons,
I review the Greek alphabet in Table 1.

Ao alpha | Hn eta Nv nu Tr tau
BB beta O 0 theta ¢ oxi Yv upsilon
I'y gamma | I. iota Oo omicron | @ ¢ phi
46 delta | Kk kappa | II7 pi Xy chi
Ee epsilon | AX lambda| Pp rho ¥ psi
Z{ zeta My mu Yo, sigma | Q2w omega

TABLE 1. In this table, the first letter or two of the (Latin) name for a
Greek letter provides a transliteration for that letter. In texts, the rough-
breathing mark () over an initial vowel (or p) is transcribed as a preceeding
(or following) h; the smooth-breathing mark (’) and the three tonal accents
(&, d@, a) can be ignored. Especially in the dative case (the Turkish -e
hali), some long vowels may be given the iota subscript (a, 7, w), repre-
senting what was once a following iota (at, nt, wt).

2. SYNTHESIS AND ANALYSIS

The geometry pioneered by René Descartes is called analytic geometry; by contrast,
the geometry of ancient mathematicians like Euclid and Apollonius of Perge is sometimes
called synthetic geometry. But what does this mean? The word synthetic comes from
the Greek cuvvBerikés meaning skilled in putting together or constructive. This Greek
adjective derives from the verb cvvrifinue put together, construct. The word analytic
is the English form of avadvrikds, which derives from the verb avaAdw undo, set free,
dissolve. Although we refer to ancient geometry as synthetic, the Ancients evidently
recognize both analytic and synthetic methods. Around 320 C.E., Pappus of Alexandria

writes [10, p. 597
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Now analysis (avdAvous) is a method of taking that which is sought as
though it were admitted and passing from it through its consequences in
order to something which is admitted as a result of synthesis; for in analysis
we suppose that which is sought to be already done, and we inquire what it
is from which this comes about, and again what is the antecedent cause of
the latter, and so on until, by retracing our steps, we light upon something
already known or ranking as a first principle; and such a method we call
analysis, as being a reverse solution (avdmadw Adats).

But in synthesis (cuvbéois), proceeding in the opposite way, we suppose
to be already done that which was last reached in the analysis, and arrang-
ing in their natural order as consequents what were formerly antecedents
and linking them one with another, we finally arrive at the construction
of what was sought; and this we call synthesis.

Now analysis is of two kinds, one, whose object is to seek the truth, being
called theoretical (fewpnrikds), and the other, whose object is to find
something set for finding, being called problematical (mpoBAnuarikds).

By the way, Pappus elsewhere [10, pp. 564—567] says more about the distinction brought
up here between theorems and problems:

Those who favor a more technical terminology in geometrical research use
problem (mpdBAnua) to mean a [proposition’| in which it is proposed to
do or construct [something|; and theorem (fec)pnua), a [proposition| in
which the consequences and necessary implications of certain hypotheses
are investigated; but among the ancients some described them all as prob-
lems, some as theorems.

What really distinguishes Cartesian geometry from what came before is perhaps sug-
gested by the first sentence of Descartes’s Geometry |4, p. 2|:

Any problem in geometry can easily be reduced to such terms that a knowl-
edge of the lengths of certain straight lines is sufficient for its construction.

From a line, Descartes abstracts something called length. A length is something that we
might today call a positive real number. Descartes takes the edifice of geometry that has
been built up or ‘synthesized’ over the centuries, and reduces or ‘analyzes’ its study into
the manipulation of numbers. This is just what we are not going to do in these notes.

Again, my main interest will be in the conic sections. If one has time and interest,
one should just read Apollonius on the subject, if not in the original Greek,? then in a
proper translation |2, 3] as opposed to a paraphrase [1|. However, it may be that some
features of the text of Apollonius are dictated by customs of mathematical exposition
that have no great connexion with the mathematics itself. The style of Apollonius’s text
as we have it is reflected in the observations of Proclus, in the fifth century C.E., in his
commentaries on Euclid:

Every problem and every theorem that is furnished with all its parts should
contain the following elements: an enunciation (mpdraotis), an exposition
(éxbeats), a specification (Swopiouds), a construction (katackevy), a proof

Ivor Thomas [10, p. 567] uses inquiry here in his translation; but there is no word in the Greek
original corresponding to this or to proposition.

20f the eight books of Apollonius’s treatise on the conic sections, the last has been lost, and the fifth,
sixth, and seventh come down to us only in Arabic translation.
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(amddeéis), and a conclusion (ocvpmépaoua). Of these, the enunciation
states what is given and what is being sought from it, for a perfect enun-
ciation consists of both these parts. The exposition takes separately what
is given and prepares it in advance for use in the investigation. The speci-
fication takes separately the thing that is sought and makes clear precisely
what it is. The construction adds what is lacking in the given for finding
what is sought. The proof draws the proposed inference by reasoning sci-
entifically from the propositions that have been admitted. The conclusion
reverts to the enunciation, confirming what has been proved.

So many are the parts of a problem or a theorem. The most essential
ones, and those which are always present, are enunciation, proof, and
conclusion. |9, p. 159

The propositions of Apollonius can be analyzed in these terms; but such analysis is not
my concern here.

3. CONVERSATIONAL IMPLICATURE

Another difference between my approach and the ancient approach to mathematics
may result from a modern habit exemplified, for example, in a Russian textbook of the
Soviet period:

The student of mathematics must at all times have a clear-cut understand-
ing of all fundamental mathematical concepts. .. The student will also re-
call the signs of weak inequalities: < (less than or equal to) and > (greater
than or equal to). The student usually finds no difficulty when using them
in formal transformations, but examinations have shown that many stu-
dents do not fully comprehend their meaning.

To illustrate, a frequent answer to: “Is the inequality 2 < 3 true?” is “No,
since the number 2 is less than 3.” Or, say, “Is the inequality 3 < 3 true?”
the answer is often “No, since 3 is equal to 3.” Nevertheless, students who
answer in this fashion are often found to write the result of a problem as
x < 3. Yet their understanding of the sign < between concrete numbers
signifies that not a single specific number can be substituted in place of x
in the inequality x < 3, which is to say that the sign < cannot be used to
relate any numbers whatsoever. |5, pp. 9 f.]

The students referred to, who will not allow that 2 < 3, are following a habit of ordinary
language, whereby the whole truth must be told. According to this habit, one does not
say 2 < 3, because one can make a stronger, more informative statement, namely 2 < 3.
This habit would appear to be an instance of conversational implicature: the ability of
people to convey or implicate statements that are not logically implied by their words |8,
ch. 1, §5, pp. 36—40]. In saying A or B [is true/, one usually implicates that one does not
know which is true.

I believe this habit of implicature may be reflected in the Greek understanding, ac-
cording to which one (&) is not a number (apfuds). In the Elements [7], Book VII,
Euclid somewhat obscurely defines a unit (novds) as that by virtue of which each being
is called ‘one’ [6]. Then a number is defined as a multitude (wAffos) composed of units.
In particular, a unit is not a number, because it is not a multitude: it is one. Euclid
does not bother to state explicitly this distinction between units and numbers, but it
can be inferred, for example, from his presentation of what we now call the Euclidean
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algorithm. Proposition VII.1 of the Elements involves a pair of numbers such that the
Euclidean algorithm, when applied to them, yields a unit (novds). Then this unit is not
considered as a greatest common divisor of the numbers; the numbers do not have a
greatest common divisor; the numbers are simply relatively prime. If the numbers are
not relatively prime, then the same algorithm yields their greatest common divisor. This
observation appears to be the contrapositive of the first, but Euclid distinguishes it as
Proposition VII.2 of the Elements.

In these notes, I shall treat one as a number. Finally, I shall use special symbolism
more freely than the Ancients did. However, I shall not abstract numbers from the things
numbered, or sizes distinct from the things with size.

4. MAGNITUDE AND PROPORTION

The things with size are magnitudes. These may be straight lines (what we call line
segments; they may be plane figures like rectangles; they may perhaps be other things
(solids, angles, ... ). The class of magnitudes is equipped with a binary relation, denoted
by <, where A < B isread as ‘A is less than B’. There is also the partial binary operation
of addition, denoted by +, where A + B is the sum of A and B. Axioms governing
magnitudes might be laid out as follows, starting with:

(1) The relation < is a partial ordering.

Two magnitudes are comparable if they are equal, or if one is less than the other. Let
us denote the relation of comparability by ~. Then we can state some more axioms:

(2) ~ is an equivalence-relation.

(3) Two magnitudes have a sum if and only if they are comparable.

(4) On every class of comparable magnitudes, addition is associative and commuta-
tive.

We can now speak simply of multiples of a magnitude; we may abbreviate these as
follows:

AtA=24, A+A+A=3A, ..., A+t---+A=nA,
~———

n

(5) If A~ B, then A < A+ B.
(6) fA<Band A~C,then A+ C < B+C.

Consequently, A+ C =B+(C —= A=B8B.
(7) If A < B, then there is C' such that A+ C = B.

This C' is unique by the previous observation and can be denoted by B — A: it is the
difference of B from A.

(8) (Archimedean Axiom) If A ~ B, then A < nB for some multiple nB of B.

We define the quaternary relation of proportionality as follows. This relation holds
amongst the magnitudes A, B, C, and D, and we write

A:B::C:D,
saying ‘A is to B as C'is to D,” provided A ~ B and C' ~ D, and moreover
mA <nB <= mC <nD
for all equimultiples mA and mC of A and C, and nB and nD of B and D.
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5. DEFINITIONS

A cone (kdvos) has, and is determined by:

(1) a base (Bdous), which is a circle;

(2) an apex (kopugrs), which is a point not in the plane of the base.
Indeed, the base and the apex determine a conic surface (kwvikn émddvera), which
comprises every point of every straight line that passes through both the apex and the
circumference of the base. The cone itself is the solid figure bounded by the base and the
conic surface.

The straight line through the apex and the center of the base is the axis (déwv) of the
cone. If this is perpendicular to the base, then the cone is right (op84s); otherwise, the
cone is oblique (okadnvés). We shall work with an arbitrary cone.

Let the apex of the cone be A. The conic surface has two parts, connected at A. The
cone itself is bounded by one of these. Suppose a plane, not containing A, and not parallel
to the base, cuts the part of the conic surface that bounds the cone. We shall study the
conic section (rour) so made. We may assume that the plane cuts the base in some
chord BC, with midpoint D. There is a diameter E'F of the base that is perpendicular
to BC'; these two chords meet at D. We have a triangle AEF, called an axial triangle
(8ta Tov d€ovos Tprydivos), since it contains the axis of the cone. See Figure 1.

A

FIGURE 1. Axial triangle, base, and section parallel to the base

We may assume that the conic section contains a point G of AE (extended as neces-
sary). Then G is the vertex (kopvdrs) of the section, and G D is the diameter (8idperpos)
of the section. Indeed, let a point H be chosen at random on the section. If H is not G,
then the section has a chord H K that is parallel to BC, and H K is bisected by G D, say
at L.

Let the straight line through L parallel to EF meet AE at M and AF at N. We shall
refer to HL as an ordinate (karayduevn rerayuévws), and to GL as the corresponding
abscissa. Our first aim is to relate ordinates and abscissas. We may note first of all

HIL?>= ML - LN; BD?*=ED - DF.
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6. KINDS OF CONIC SECTIONS

There are three cases to consider. Suppose first of all that GD || AF. Then LN = DF,

so that
HL?:BD?*:: ML: ED.
Thus abscissas are to one another as the squares on the ordinates. Draw G P perpendicular
to GD so that
PG-GD = BD?=ED - DF
and therefore also PG - GL = KL?. The segment PG is called, in Latin, the latus rec-
tum, and in English, the upright side (Jpfia). The conic section itself is a parabola
(mapaBodr juxtaposition, comparison, application), from the verb mapaBdAdw throw be-
side, because the square on the ordinate is equal to a rectangle on the abscissa that can
be applied to the upright side. For an alternative characterization of the upright side, we
have
PG :DF ::ED:GD :: EF : AF.

But also DF : GA :: EF : FA. Compounding ratios, we have

PG:GA:: EF?: EA- AF|,
In the second case, DG extended meets F'A extended at a point Q).
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